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rK I Let {M,g) be a compact Rieinannian manifold of dimension n > 3 with boundary 

dM. We denote the Ricci curvature, scalar curvature, mean curvature, and the second 



fundamental form by Ric, R , h, and Lq,^, respectively. 

The Yamabe problem for manifolds with boundary is to find a conformal metric 

g = e~'^'^g such that the scalar curvature is constant and the mean curvature is zero. 

The boundary is called umbilic if the second fundamental form Lap = fJ^ggais- For 

example, a totally geodesic boundary is umbilic with zero principal curvatures. In 

^ ' jHl, it was proved by Escobar that for locally conformally flat compact manifolds with 

O . umbilic boundary (and some other cases), the Yamabe problem is solvable. 

Q . As for the nonlinear version of the Yamabe problem, we consider the Schouten tensor 

'nJ" I defined as 

^ ■ ^9 = ^(^^^ - ^uZ -9)- 

Note that trAg = 2(n-i) -^- "^^^ Schouten tensor comes naturally from curvature decom- 
c^ ■ position 

Riem = yv + Aq g, 

where the Weyl tensor W is locally conformally invariant, and stands for the Kulkarni- 
r> I Nomizu product. In dimension four, we have the following Chern-Gauss-Bonnet formula 

c^ ' for closed manifolds: 



327r\(M^)= / |W|' + 16 / ^2(^3) 



where x is the Euler characteristic and a2{Ag) is the second elementary symmetric 
function of the eigenvalues of Ag. Since x is a topological invariant and W is locally 
conformally invariant, we have that J^^ (j2{Ag) is a conformal invariant. For closed four- 
manifolds, Chang-Gursky-Yang [S| proved that if the Yamabe constant and jj^,^a2{Ag) 
are both positive, then we can find a conformal metric g such that a2{Ag) is constant. 
For locally conformally fiat closed manifolds, Li-Li |1^ proved that if (Ji{Ag) > 0, 1 < 
i < k for some k > 2, then we can find a conformal metric g such that ak{Ag) is 



constant. See also Guan-Wang [T^ for an independent work of the above result. For 
closed manifolds which are not locally conformally flat, Gursky-Viaclovsky J^ proved 
that if ai{Ag) > 0, for 1 < i < k and 2k > n, then we can find a conformal metric g 
such that (Jk{A^) is constant. 

In this paper, we study the nonlinear version of Yamabe problem for manifolds with 
boundary. Before introducing the problem, we need the following definitions: 

Definition 1. Let W be a matrix with eigenvalues Ai,--- , A„. Then ak{W) = 

Y^- ^...<^j AjjAj2 ■ ■ ■ Aj^ for k < n is called the kth elementary symmetric function of 
the eigenvalues of W . Denote ao = 1. For example, ai = Ai + ■ • • + A„ = tiW and 
c"n = Ai ■ ■ ■ A„ = det W. 

The elementary symmetric functions are special cases of hyperbolic polynomials 
introduced by Carding JUI; which have nice properties in associated cones. 

Definition 2. The set T^ = { the connected component of ak{X) > which contains 
the identity } is called the positive k-cone. Equivalently, it is showed in \lUf that F^ = 
{A : o"j(A) > 0,1 < i < k} is an open convex cone with vertex at the origin, e.g., 
Tf = {A : Ai + ■ ■ ■ A„ > 0} and F+ = {A : Aj > 0, 1 < i < n}. The following is the 
nested relation 

F+DF+D---DF+. 

Denote W eT^ if the eigenvalues X(W) G F^. 

Suppose that the boundary is umbilic. Our goal is to find a conformal metric 
g = e~^"'g such that ak{A^) is constant and the boundary is totally geodesic. We now 
describe a class of locally conformally flat compact manifolds of dimension n > 3 with 
boundary, for which we give an affirmative answer to the question. Under the conformal 
change of the metric g = e^'^'^g, we denote the curvature tensors in the new metric by 
a hat (For example. A, L and (1). The Schouten tensor A satisfies 

A = V'^u + du0du \Vu\'^g + Ag, (1) 

where the derivatives are covariant derivatives with respect to the background metric 
g. The second fundamental form satisfies 



du 



^e" = —9 + Lg, 



where n is the unit inner normal with respect to g on the boundary. Note that umbilicity 
is conformally invariant. Thus, it is natural to consider the class of manifolds with 
umbilic boundary. When the boundary is umbilic, the above formula becomes 

. _,, du 



If we view A as a (0, 2)-tensor in the new metric g, then ak{A) := ak{g'^A)i where 
g~^ is the induced inverse tensor of the metric tensor g. On the other hand, by formula 
(QJ we can also view A as a (0, 2)-tensor in the background metric g. Using this notation, 
the problem becomes to consider the following equation: 



1 



a^{V'^u + du(^du- \\Vu\'^g + Ag) = e'^" inM 
g„ + ^g = on dM. 



du 



^IVufg + /ig) = e "•" inivi ^2) 



Theorem 1. Suppose (M, g) is a locally conformally flat compact manifold of dimension 
n > 3 with umhilic boundary. If Ag G F^ for k > 2, then there exists a smooth solution 
u of (0j. In other words, there is a conformal metric g = e~'^^g such that ak{A) = 1 
and the boundary is totally geodesic. 

We will prove a more general result than Theorem ^ Consider the equation 

(3) 



Fiy'^u + du®du- 


-\\S/u^g + Ag)-- 


= e-2" inM 


£ + /^. = o 




ondM, 



where F satisfies some structure conditions listed below. Equation Q means that we ap- 
ply F to the eigenvalues of the matrix (or (1, l)-tensor) g~^{y'^u+du®du—\\S/u\'^g+Ag). 
Now we give structure conditions for F. Let F be an open convex cone in M" with ver- 
tex at the origin satisfying F+ C F C Fj'". Suppose that F{X) = F(o"i(A), ■ ■ ■ , (T„(A)) G 
C°°(F) n C^{r) is a homogeneous symmetric function of degree one normalized with 
F{e) = F(l, ■ ■ • , 1) = 1. Assume that F = on dT and F satisfies the following in F : 

(50) F is positive; 

(51) F is concave (i.e., ^f-^ is negative semi-definite); 

(52) F is monotone (i.e., ^ is positive); 

(53) !£■ > e^, for some constant e > 0, for all i. 
In some case, we need an additional condition: 

(A) EjVi If < P|£' for some p > 0, for all A G F with A^ < 0. 

An easy example is F = ^(Ai -|- ■ ■ ■ -|- A„) with F = {A : Ai -|- • • ■ -|- A„ > 0}. Condition 
(SI) is used in most elliptic theories. Condition (S2) is the actual ellipticity. It is an 
elementary fact that if F is a symmetric function of eigenvalues, then |f > for all i 
if and only if F*-' := -^^ is positive definite. Condition (S3) was before in jH]. 

Theorem 2. Suppose (M, g) is a locally conformally flat compact manifold of dimension 
n > 3 with umbilic boundary. Let F satisfy the structure conditions (S0)-(S3) in a 
corresponding cone F. If Ag G F, then there exists a smooth solution u of ([^. 

In Section [H below, we will show that (^) '' a^ satisfies the structure conditions 
(SO)- (S3) with e = -^ in F^. Hence, Theorem |21 implies Theorem ^ 

The next result concerns boundary estimates for equations more general than (jHj). 
Before stating the theorem, we introduce some notations. In this paper, we use Fermi 



(geodesic) coordinates in a boundary neighborhood, which means that we take the 
geodesies in the normal direction parameterized by arc length from a local chart [xi, ■ ■ ■ 
, Xn-i) on the boundary. The metric is then expressed as g = dx'^dx^ + gapdx^dx^ . The 
Greek letters a,/?, 7 stand for the tangential direction indices, 1 < a,/3,7 < n, while 
the letters z,j, A; stand for the full indices, 1 < z,j, fc < n. Define the half ball in 
Fermi coordinates by B^ = {x„ > 0, ^^ x'f < r^} and the segment on the boundary by 
Er = {xn = 0, Xli^? — ''"^}- ^11 derivatives are covariant derivatives with respect to the 
background metric g unless otherwise noted. 

The following boundary estimates are used in the proof of Theorem |21 

Theorem 3. Let F satisfy (SO)- (S3) in a corresponding cone T and g be a flat metric. 
Suppose that S.^ is umbilic with principal curvatures fi and n is the unit inner normal 
with respect to g. Let u & C^ he a solution to the equation 

F{V^u + du^du-l\Vu\^g) = fe-^"" inB^ .^^ 

|^ + /i = /ie-" onK. ^' 

Case(a). If fi = 0, then 

sup {\Vu\^ + \V\\) < C(l + sup e-2"), 

where C depends on r, n, e, //, ||/||f;2c;B+-) O'^'^d inf-g+ /. 

Case(b). Suppose that F satisfies the additional condition (A) and Fg" G T . If (x is a 

positive constant, then 

sup {\Vu\^ + \V^u\) <C, 

x€Bt 

where C depends on r, n, e, p, fx, fi, inf-g+ u, 11/11^-2(5+) ^'^^ ^^^b+ /• 

In Section Q] below, we further show that (^) '' a^ satisfies the additional condition 

_i 1 
(A) with p = {n — k). Thus, (^) ''a^: for A; > 2 is an example of case (b). 

The Dirichlet problems for fully nonlinear elliptic equations have been extensively 
studied, for example, by Caffarelli-Nirenberg-Spruck |2], |21 and by Trudinger [^. Such 
problems for the Schouten tensor equations are studied by Guan [TT] . On the other hand, 
the Neumann problems for fully nonlinear elliptic equations are not yet well studied. 
The problem we proposed here comes from natural geometrical setting. It would be an 
interesting problem whether we can consider other Monge- Ampere-type equations. 

The idea of proof of Theorem |21 is to deform the Yamabe metric for manifolds 
with boundary to the one satisfying the equation 0. The similar idea has already 
appeared in jTHI and [121 for closed manifolds. We will show that, to avoid the bubbling 
phenomenon, if a manifold is not conformally equivalent to hemispheres, we have a 
priori estimates. Hence by degree theory argument we obtain a solution. The proof of 
boundary C^ estimates follows closely that of Li-Li [T^, while we still need to prove a 



revised version of the work by Schoen-Yau J2T], which turns out to be a crucial element. 
As for C^ estimates, local C^ estimates are previously proved by Chang- Gur sky- Yang 
1^, Guan-Wang |I^ and Li-Li JHl in different cases. Recently, a simplified proof of 
local C^ estimates is derived by Chen [7] and applied to a large class of equations. To 
prove Theorem |3[ we will use an idea in that work to derive boundary C^ estimates 
directly from boundary C° estimates, which is the main part of this paper. 

The above results extend to manifolds with boundary which are not locally confor- 
mally flat. In a subsequent paper ;6j, we study boundary value problems associated to 
some integral invariants on manifolds with boundary. 

The paper is organized as follows. We start with some background in Section ^ In 
Sections El and El we give the proofs of Theorem |21 and El respectively. 

Acknowledgment: The author would like to thank Alice Chang for her constant 
support during the author's graduate education at Princeton University. 

1 Background 

We give some basic facts about homogeneous symmetric functions. 

Lemma 1. (see i7]). Let T be an open convex cone with vertex at the origin satisfying 
r^ C r ,and let e = (1, ■ ■ ■ , 1) be the identity. Suppose that F is a homogeneous 
symmetric function of degree one normalized with F{e) = 1, and that F is concave in 
r. Then 

r«;E.A.^ = F(A), forXeV. 

Wi:^'-^>ne) = i, forXer. 

Now we list further properties of elementary symmetric functions. 
Lemma 2. (see H^/, H^/ and 0/;. Let G = al,k<n. Then 

(a) G is positive and concave in F^. 

(b) G is monotone in F^, i.e., the matrix G*-' = -^- is positive definite. 

(c) For < I < k < n, the following is the Newton- MacLaurin inequality 

k{n - I + VjUi^iak < l{n- k + l)aiak-i. 

_i 
Therefore, S = (2) '' G satisfies the structure conditions (S0)-(S2) in F^. 

We use the notation Aj = (Ai, ■ ■ • , Aj, ■ ■ ■ , A„). We will show that S = (2) '' G 
satisfies (S3) by using the following lemma: 



Lemma 3. Let n > 2. If X eT'^ for some 1 < k < n, then 

^.-i(A.) > ^ v.. 
ai(A) 

Proof. Since A G F^, we have -^ = a"i_i(Aj) > 0, for 1 < / < A;, and thus Aj G 

r^_]^(M"~-'^). On the other hand, by definition we have the identity crfc_i(Aj)cri(A) = 

ak-i{Ai)Xi + o-fc-i(Ai)(Ti(Aj). 

Case (1): For A; = 1, we get crfe--i(Aj) = 1 = yjjl- 

Case (2): For 2 < fc < n- 1, by Lemma 111(C), {n - k)ai{Ai)ak-i{Ai) > k{n-l)ak{Ai). 

If ak{Ai) > 0, then 

(Ti{Ai)(7k^i{Ai) > -^ r^afc(Ai) > ak{Ai). 

n — k 

If (Tfc(Ai) < 0, then 

ai{Ai)ak-i{Ai) > > ^^(A,). 

Thus, in both cases, ak^i{Ai)ai{X) > ak-i{Ai)Xi + ak{Ai) = o-fc(A). 

Case (3): For k = n, we have cr„_i(Aj)cri(A) > cr„_i(A.j)Aj = cr„(A). D 

_i 1 
As a consequence of the above lemma, S = (^) '= cr^ satisfies (S3) with t = i- 

The next lemma shows that S = (2) '' cr^ also satisfies the additional condition (A) 
with p = {n — k). 

Lemma 4. For 1 < fc < n — 1, z/ A G F^ with Xi < for some i, then 

Proof. For fc = 1, the above inequality is trivial since '^^^ = 1 for all j. For k >2, we 
have 

dakiX) 



J2^t^ = {n-k+l)ak-i{X) = {n-k + l){cxk^i{Ai) + Kak^2{A.)) 

flrr, (W 

< {n-k+l)ak-iiAi) = {n-k + l)- 



j ' 



dX, 
By cancelling out -^^ on both sides, the lemma is proved. D 

Suppose that F satisfies (S0)-(S3) in F. It is useful to consider the following sym- 
metric functions, which are introduced in \W\ . 

Definition 3. Let F\X) = {t + n(l - t))-^F{tX + (1 - t)ai{X)e), forO<t<lin the 
cone F* = {A : tA + (1 - t)ai{X)e G F}. 

6 



We show that F* satisfies (S0)-(S3) in F*. It is easy to see that F* is positive and 
concave. For monotonicity, 



As for (S3), 



it + n(l -t))^ = tFi + (1 - t) ^ F^ >Fi>0. 

3 



dF' F\\) (^ _ \\- ^*(^) 



Finally, if F{X) = F{ai{X), ■ ■ ■ ,(T„(A)), then -F*(A) is a function of cri(A), ■ ■ ■ ,cr„(A). 
This is because akitX + (1 — t)cri(A)e), a homogeneous symmetric polynomial, is a 
function of (Ji(A), ■ ■ ■ , cr„(A) by elementary algebra. 

The next lemma concerns some important behaviors of solutions on the boundary. 
As we mentioned in the introduction, in this paper we use Fermi coordinates in a 
boundary neighborhood. Before stating the lemma, we introduce a definition: 

Definition 4. (see ^20]). Let P he a symmetric m,atrix. Tk = (Jkl — o'k-iP + ■ ■ ■ + 
(^_X]fepfc zs called the k-th Newton tensor associated with P. We have that Vn = 

{Tk-i)ij. 

Lemma 5. Let F = F{(Ti{g^^A), ■ ■ ■ , an{g^^A)). Suppose g is flat and Lap = figais for 
some constant fi near a boundary point xq. Then 

(a) F"" = ai xo, 

(h) Aal3,n = 2//ia/3 - fie-'''{Aaj3 + innfifa/?) at Xq. 

Proof. Since g is fiat, we have A = V^w + du® du— ||VMp5'. We denote the covariant 
differentiation with respect to the new metric g by V. By the Codazzi equation 

we have Rap-yn = because fi is constant. Thus, we obtain Ran = and Aan = at 

xq. To prove (a), since F is a function of ai, we only need to show that -^^ = 

{Ti_i)an = for all i. We prove it by induction. For i = 1, by definition {Ti)an = 
ai{g~^A)gan — Aan, which equals to zero. For general i, notice the recursive relation 
iTi)an = cri{g~'^A)gan - (Ti_i)ajAjn- Applying the induction hypothesis gives (Ti)an = 

— {Ti-l)al3Apn = 0. 

For (b), note that the boundary is umbilic. Thus, u satisfies |^ + A* = Ae"" on the 
boundary near xo- Since g is fiat, by the Codazzi equation, // is a constant. Notice that 
Tan = ^i^a/3 — f^9oii3 and F^^ = —fi6ai3- Usiug the boundary condition, straightforward 
computations give us 

Una = -flC'^Ua - ^ ^in'^j = l^'^a " (^UaC"^ , (5) 



and 
Thus, 

I 



which equals to 2/iAa^ — /te '^{Aap + AnnQap)- D 

Remark: In above lemma, (b) can be proved in an another way. Since g is flat, W 
vanishes. Thus, by curvature decomposition Rijki can be written in terms of Rij. Then 
using the Bianchi identity, we can compute Aap^n- 

2 Proof of Theorem [2] 

Proof. We deform the Yamabe metric to the one satisfying the equation (jS)). Define 
F* = (t + nil - t))-^F{t\ + (1 - t)cTi(A)e) in T* as in Section d Let the background 
metric g be the Yamabe metric such that Rg is a positive constant and the boundary 
is totally geodesic. Thus, the equation becomes the following: 

F\W'^u + du®du-\\Wu\'^g + Ag) = e-'^'' inM 

1^ = ondM. ^^ 

an 

We will derive later a priori estimates for this path of equations for (M, g) not conformal 
equivalent to standard hemispheres {S'^.g^, where gc is the standard metric on spheres. 
The Leray-Schauder degree is defined similarly as in Li [17J. In our case, we just consider 
the space {u G C^'^^^M) : |^ = on dM} instead of {u e C^'''{M)} for most closed 
manifolds cases. Then by homotopy-invariance we obtain a solution at t = 1, since at 
t = the degree is nonzero. The fact that at t = the degree is nonzero is proved by 
Schoen [22] for the Yamabe problem on closed manifolds. In our case, |^ = on dM 
so the boundary integral terms vanish in the computations in |22|- Thus, the result 
remains the same. The problem then reduces to establishing a priori estimates. 

Suppose F satisfies conditions (S0)-(S3). As in the discussion in Section [H F* also 
satisfies (SO)- (S3). We drop t without loss of generality in proving a priori estimates. 
We denote the conformal equivalence relation by = . 
(1) C° estimates for {M,g) ^ [Sl^g^). 

Since the boundary is totally geodesic, it is natural to consider the doubling of the 
manifold (M, g) and apply the C^ estimates on locally conformally fiat closed manifolds. 



However, one problem is that we need to verify the doubhng of the manifold still inherits 
a locally conformally flat smooth structure. Another problem is that the work by 
Schoen-Yau [21J is for locally conformally flat smooth manifolds, which is a crucial 
element in the proof of C° estimates. Thus, we need a revised version of that work 
for locally conformally fiat C^'" manifolds (or at least for the case of doubling of the 
manifold), which will be verified below. Then the rest of proof follows from that in ^^1 
as we explain later. 

Let {M"',g) be a locally conformally fiat compact manifolds with totally geodesic 
boundary. We denote a boundary neighborhood in M by UaUd'Ua where Ua is open and 
d'Ua = dMndUa is a segment on the boundary. By definition, there is a conformal map 
(pa-UaU d'Ua ^ K U d'Va C S^ U S"-^ such that Va C SI and d'Va is on the equator. 
Denote the doubling of Af by A^ = M U M*. We will define a locally conformally fiat 
smooth structure on N. Define the corresponding conformal map 0* from U* C M* to 
V* C S": through reflection. If (pj, and (pl is another pair of conformal map such that 
Uaf^Ui) (and thus U*r\U^) is nonempty, then there is a conformal transformation $ from 
(paiUa n Ub) to (pbiUa H f/fe). Similarly, there is a corresponding conformal transformation 
$* on the counterpart. By Liouville theorem, the conformal transformations $ and $* 
can be extended to conformal transformations on S*", still denoted by $ and $*. If we 
can prove that $ = $*, then they define a locally conformally fiat smooth structure on 
N. Suppose that $ and $* are not equal. Then <l>~^ o $* is not the identity map on 
S^. Notice that it is the identity map on (f)a{d'{Ua fl Ub)), which is a co-dimensional one 
submanifold contained in the equator. Thus, ^~^ o $* must be a reflection with respect 
to the equator (see for example. Chapter A in pP). This gives us an contradiction 
because $-^ can not map (pKU* fl U^) C S^l to (j)a{Ua fl Ub) C S^. 

We still denote the metric extended to N by g. {N, g) is then a locally conformally fiat 
closed manifold with g G C^-". We also have (A, g) ^ (S"", gc) because (M, g) ^ {Sl,gc). 
Moreover, each side of differentiations in g is defined. We can follow the proof in [21] to 
show that there is a C^'° developing map from the universal cover A to S"". Note that 
each side of third derivatives in g is defined. Hence, the Liouville theorem is still valid 
since the proof is by an ordinary-differential-equations approach. Now that i?^ > on 
A, by the same argument as in [21], the developing map is injective. Solutions on M to 
([7|) are extended naturally to the ones in C^'" on A^. To get C° bounds of u, the proof 
follows from that in [121 (proof of (1.44)) with some revise as we state below. First, 
instead of using Theorem 1.20 in ^Hj, we use local estimates in 7j to drop the condition 
Hi in establishing (4.1) in [TB]. We also drop condition (1.41) in [16j by noting that 
the function F we consider is homogeneous, symmetric and normalized with F{e) = 1. 
After getting lower bounds of u on (M, g) (or equivalently upper bounds in [Tnj because 
the functions are chosen differently), by local estimates [7| and Theorem [H] we obtain 
the Harnack inequality 

maxw < Cminw. 

M M 

Thus, we only need to prove that minjvf u is upper bounded. This follows from the fact 
that at the minimum point xq, we have A = V'^u + Ag > Ag, where we use the boundary 

9 



condition m„ = when xq is on the boundary. Therefore, 

g-2minM« = FiVM^o) + Ag{xo)) > F{Ag{xo)) > 0. 

(2) C^ estimates. 

Interior C^ estimates are proved in [7] . To get boundary C^ estimates, we use Fermi 
coordinates in a tubular neighborhood dM x [0,l\ of the boundary. Note that dM is 
compact so i is a positive number. Since g is locally conformally flat, in a local chart 
we can choose a flat metric go, which is conformal to g, such that fig^ is a constant and 
p, is zero. Thus, by Theorem IHl we obtain boundary C^ estimates in each half ball B^. . 
Since dM is compact, there are finitely many local charts of a tubular neighborhood of 
the boundary. We then get the desired estimates. 

(3) C°° estimates. 

Once we have C^ bounds, F is uniformly elliptic and concave. By Evans-Krylov [5] 
and Lions- Trudinger ^^, we have C^'" estimates in the interior and on the boundary, 
respectively. Higher order regularity follows by standard elliptic theory. 

D 



3 Proof of Theorem IH1 

In this Section, we prove boundary estimates. We will use an idea in |7j to derive 
boundary C^ estimates directly from boundary C° estimates. 

Proof. Since g is flat, by Codazzi equation fig = ^ is constant on S^.. Let A = V^u + 
du® du — \\Vu\^g. The condition F^ C F gives 

n — 2 
< ai{A) = trace A = Au -— |Vu|^ 

Thus, Am is positive and 

|Vm|^ < CAu. (8) 

(1) We show that Unnn can be controlled on the boundary. Differentiating the equa- 
tion on both sides in the normal direction at a boundary point, we get 

where we have used F"" = by Lemma 

For case (a), by Lemma El again A^/s^n = 2//Aq^. Thus, 

ife-'^n = Y,2^iF^n^p + F^^A^,,^^ 

= 2/iF + F""(i„„,„ - 2//i„„) = 2///e-2- + F""(i„„,„ - 2Mnn), (9) 

10 



where the second equahty holds by Lemma [T] (a). By (0) and ©, we obtain 

a 

Returning to ©, we get 

On the other hand, by condition (S3) we have F"" > e-^ > ;^e~^". Hence, there is a 
positive number L such that 

Unnn > -LAu + SfiUnn - C (10) 

is true for every point on the boundary, where L and C depends on n,e,fi, \\f\\c^ and 
inf/. 

For case (b), by Lemma (b) we get 



(/e"'")n = Yl ^"^(2Ma/3 - Ae^"(ia/3 + Anngap)) + F'^^ Ann,n 

a,f3 

= {2fi - fie-^)fe-'^ - fie-^ J] F°"i„„ + F""(i„„,„ - (2^ - fie-^)Ann), 

a. 

where the second equahty holds by Lemma Q] (a). Note that fi is positive. Thus, if 
Ann > 0, then 

-Ce-2" < F^^{Ann,n ' (2/i " /ie-^)i„„). 

On the other hand, if Ann < 0, by condition (A) we have 

-Ce-2" < F""(i„„,„ - (2^ + p/ie-^)i„„), 



where we drop the term F^^fie ^Ann since it is negative. Hence, in both cases we obtain 

-Ce-2« < F-"(i„„,„ - 2/ii„„ + C\Ann\). (11) 

Now by (0) and (jUj) and combined with a basic fact that if F^ C F, then \uij\ < CAu, 
we get 

Ann,n '^f^Ann + G |Arm| ^ Unnn + ( <J/i + fJ,e jUnn + C Au + G. 

Returning to (fTTj). note that by condition (S3) we have F"" > e^ > ;^e~^". Hence, 
there is a positive number L such that 

M„„„ > -LAu + (3// - fie~'')unn - C (12) 



is true for every point on the boundary, where L and C depends on n, e, p, /i, /i, inf ti, \\j \\ci 
and inf /. 
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(2) We will show that Au is bounded. The follow proof is for both cases (a) and 
(b), while the number C is understood as a constant depending on n, r, e, //, ||/||c2 and 
inf / for case (a), and n,r,e, p, fi, fl,miu, ||/||c2 and inf / for case (b), respectively. 

Let H = //(Am + |VmP + niJ,Un)e°'^" where a is some number decided later. Denote 

r^ := ^j xj. Let r]{r) be a cutoff function such that 0<?7<l,7] = lin Br and r/ = 

I 1 

outside Bj, , and also \Vri\ < C^ and |V^r7| < ^. By (jHl), Au is positive. Without loss 

of generality, we may assume r = 1 and 

K = Au+ iVwp + nfiUn:^ 1. 

At a boundary point, note that ?]„ = because r] = r]{r). Differentiating H in the 
normal direction and using (jSJ and © gives 

> ??((wnnn + (2/i - /ie"")ir + (-3/i + Ae"")Mnn " C) + aK)e"^" . 

By (jHI) and the inequalities (fTUj) and (fT^ for cases (a) and (b), respectively, we obtain 

Hn > v{-LAu+{2fi-iie-'')K-C + aK)e''''" >0 

for a > L — 2fi + jj, sup e^" + 1. Thus, H increases toward the interior and the maximum 
of H must happen at some point xq in the interior. 
At the maximal point Xq, we have 

Hi = r],{Ke'''") + r/e'^""(K, + aKSin) = 0, (13) 

and 









is negative semi-definite, where in the second equality we have used fjl3|) . Using the 
positivity of F*-' and (fT^ again to replace K-i and i^j, we get 



> vF'^Kij -CJ2 F''K, (14) 



> F^^//,,e-«"" = F'^{{r]i^ - 27]~\r],)K + r]{Ki, - a^K6jn - a-i^K5^n - a^K5iJ,n)) 



where we use conditions on rj in the inequality. By direct computations, 
F'^Kij = F'^uiHj + F'\2uHUij + 2uiuiij + nfiUnij) = 1 + 11. 
For I, notice that 

Aj,ii = Uijii + 2uiiUji + UiUjii + UjUiii - {ukUkii + uli)gij. 
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Then 

/ = F'^{Aij^ii - 2uiiUij - 2uiiiUj + {ufi^ + UkUku)gij), 

where F^^{uiUjii) = F^^{ujUin) because F*-' is symmetric. Now using (fT^ to replace um 
and Uku yields 

/ = F'^Aij^ii + F'^{-2uuUij-2uj{-2uiUu-nfmni -K - aKSin) 

+ (|V^np + Uk{-2uiUik - rifiUnk K - aK5kn))gij)- 

V 

By (jHJ and the conditions on 77, we have 

/ > F'^AjM + F'^{-2uiiUij + AujUiUii + (|V\p - 2ukUiUik)gij) 

i 

For II, we use the formula 

Aj,l = Uiji + UiUji + UjUii - UkUkWij 

to obtain 

// = F''\2uiiUij + 2uiUiji + nfiUiju) = F'\2uiiUij + 2ui{Aij^i - 2uiUji + UkUkiQij) 

+niJ,{Aij^n - 2UiUjn + UkUkn9ij)) 

> F'^{2uuUij + 2uiAi,j^i - AuiUjiUj + 2ukUkiUigij + nfiAij^n) -C^ F''| V^m|2 . 

i 

Combining I and II together, we find that 

F'^Kij > F'^Aij^ii + F'^{-2uHUij + Aujumu + (|V^m|^ - 2ukUiUik)gij) 
+F^^{2uiiUij + 2uiAij^i - AuiUjiUj + 2ukUkiUigij + n^Aij,^) 
-C^FV^(l + |V'ix|t). 

i 

Here is the key step of the proof. Three terms from I cancel out three terms from II. 
Thus, after the cancellations we arrive at 

F'^K,^ > F'^A^^u + F''\V\\^g,,+F'^{2uiA^,i + nfxA^,rr) 

i 

Now returning to p4|) . applying r] on both sides produces 
> rfF'^Kij-C^F^'riK 



> v^F'^Aij^u + V^F'^\/^u\^gij + 7]^F'^{2uiAj,i + nf,A 
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By the concavity of F and Lemma QJa), we have F^^Aij^u > [F^^ Aij)ii = (/e '^^)ii. 
Hence, 



i 

-C^F'\l + r]i\\/^u\-2) 

i 

> J2 ^"(^'1 V'wp - C - Cr/lV^wl - Cr/i|V' 



-2u\ 



'\r^). 



This gives {ri\'V'^u\){xo) < C Hence, for x G Br, we have that H = (Am + iVup + 
nfxun)e°'^" is bounded. Thus, Am is bounded. By (jH)), |Vu| is also bounded. 

(3) To get the Hessian bounds, for case (b) it follows immediately by the fact that if 
r^ C r, then \uij\ < CAu. As for case (a), note that from (2) above we have rjAu < C 
and ?7|V'up < C. Consider the maximum of ri{'V'^u + du ^ du + fiUng)e°'^" over the 
set (x,^) G {Bf,S"'). We will show that at the maximum, x can not belong to the 
boundary. If ^ is in the tangential direction, without loss of generality, we can assume 
^ is in ei direction. We have 

(77(uii + Mi +/iM„)e"^")„ = r]{uun + 2uiuin + fJ^Unn + a{uu + uj + fiUn))e°-''" 

= r]e''''"{{2ti + a){uu + ul + fxun) + n^) >0 

for a > — 2/i + 1. If ^ is in the normal direction, we first have that An < n(u„„ + yU^) < 
nUnn + C. By flTUj) . we obtain 

{r]{Unn + ul + ^Un)e''''")n = r]{Unnn - fJ'Unn + aUnn)e'^'''' 

> r^e"^" (-LA-U + 2yU-u„„ + aUnn - C) 

> r/e"""" {-riLunn + 2/iM„„ + aUnn - C) > 

for a > nL — 2/i + 1. Thus, we conclude that at the maximum, x must be in the interior. 
We then perform similar computations as before using the inequality ?7|Vup < C to get 
the Hessian bounds. We omit the details here. D 
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